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ũz − uz, ǔz(r, z)
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σrr

σrr
σϕϕ

σrr

σrr

2

σαzz

σ ,α σ ,α

σαrr σαϕϕ σαzz
σ ,α
rr σ ,α

ϕϕ σ ,α
zz
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σαrr σαϕϕ
V

0
!
=

∑
α

να
∫
Qα

σα dQα

α Qα

Qα

σαrr σαϕϕ

−80

σαrr σαϕϕ
2

σαzz −100

σαrr σαϕϕ σαzz

z

σαzz Qα

S2−S3
σαzz

2.8
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σ

2

σ
σ = 0

σ = σ

σrr σϕϕ σzz
−55± 13 −55± 13 −74± 74
−144± 29 −144± 29
−183± 44 −183± 44

σ
σ

σ

 

 

 

 

   

 

ν σrr

ν
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ν

σ
σ 260

130
ν 60

2
σrr

σ (ρ) ρ

80

50
ν 100

σrr

–50

0

50

–100
–50

0
50

100

–150
–100

–50
0

50
100
150
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H S

H
S H S1

(44.8± 6.8)

σii
σij i �= j

σαzz
σαrr σαϕϕ

σαrr σαϕϕ σαzz
H = , ,

σrz (−23.1 ±
15.2) (≈ 1/3 σzz)

3
rz
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Y = (85 ± 2.6) Y =
(86± 2.2) Y = (89± 0.9)

2

Y = 0, 1, 2

ν ν

Y

Y = ν Y + (1− ν )Y

Y = ν<111> Y<111> + ν<100> Y<100> +R

Y = ν<101̄0> Y
<101̄0>

+R

Y Y

Y<hkl> Y<hkil>

ν<111> ν<100> ν<101̄0>

R R
Y Y

Y<hkl>
Y<hkil> Sijkl

<hkl> <hkil>
Cγδ Sγδ (γ, δ = 1, 2, ..., 6)

Y<hkl>

1

Y<hkl>
=

{
S11 + [S44 − 2(S11 − S12)] sin

2 θ [cos2 θ + 1
4
sin2 2ϕ sin2 θ]

S11 sin
4 θ + S33 cos

4 θ + 1
4
(2S13 + S44) sin

2 2θ
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(ϕ, θ) ϕ θ
Y<hkl>

Y<hkil>
Y =

70.0 Y = 94.5
Y<111> = 76.0 Y<100> = 64.0 Y

<101̄0>

ν<111> ν<100> ν<101̄0>

15
ν = 0.619 ν = 0.381

Y

Y =

(
ν

Y
+

1− ν

Y

)−1

c11 c12 c13 c33 c44 Y
<101̄0>

Y Y

162.0 92.0 69.0 181.0 47.0 † 104.0 81.1 79.2
163.0 93.0 62.0 180.0 47.0 105.0 81.3 79.3
171.6 86.6 72.6 190.6 41.1 120.0 83.2 80.5

†

Y Y

Y (ν ) = 0, 1, 2
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Y = ν Y +
∑
n=0

(1− ν n)Y
n
,

Y =

(
ν

Y
+

∑
n=0

1− ν n

Y
n

)−1

,

= 0, 1, 2

 

 
 

 

 

 

 

 

Y

ν

ν = 61.9 Y
<101̄0>

= 104
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1
3 · 10−3 2.5

2.8

5.3 3.2
Y (ν )

< 2
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τ s,F = τF0
γ̇s,F

γ̇0

∣∣∣∣ γ̇s,Fγ̇0
∣∣∣∣m−1

,

τ s,F γ̇s,F

s
F m

τF0
γ̇0

α

ςg − ς = α (Γsgg−1 +As)(ḋ
g − ḋ)

Γsgg

ςg ḋ
g

g ς ḋ
As ς ḋ

= 10

= 1
= 20
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L(r,ϕ,z) ≡ (L
(r,ϕ,z)
ij ) :=

⎛⎝a e d
0 b 0
0 0 c

⎞⎠
L(r,ϕ,z)

a, b, c, d, e ∈ R
1

a+ b+ c
!
= 0

L(r,ϕ,z)

L(r,ϕ,z)(�r)

L(r,ϕ,z)

Z = (r, ϕ, z)

S
(x, y, z) L(r,ϕ,z) L(x,y,z) =

T T L(r,ϕ,z) T T
L(x,y,z) = L(x,y,z)(x, y) =⎛⎜⎜⎝

(a− b) x2

x2+y2
− e xy

x2+y2
+ b (a− b) xy

x2+y2
+ e x2

x2+y2
d x√

x2+y2

(a− b) xy
x2+y2

− e y2

x2+y2
(b− a) x2

x2+y2
+ e xy

x2+y2
+ a d y√

x2+y2

0 0 c

⎞⎟⎟⎠ .

a, b, c, d, e

c
!
= 1

S1−S2
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10 000

L(x,y,z)

η ≈ 4.3

0.0883

(x, y) = (0, 0)
lim

(x,y)→(0,0)
L(x,y,z)(x, y)

d, e d, e

a b c

L(x,y,z),Al, =

⎛⎝a+b
2

a−b
2

0
a−b
2

a+b
2

0
0 0 1

⎞⎠

{ }< >

m = 0.05

m
m

m > 0.5
Δ = 0.1

a = −0.6 b = −0.4

L
(r,ϕ,z)
rϕ L

(r,ϕ,z)
rz e d

L(x,y,z),Al, =

⎛⎝a+b−e
2

a−b+e
2

d√
2

a−b−e
2

a+b+e
2

d√
2

0 0 1

⎞⎠
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°

a = 0.0 −1.0 Δa = 0.1
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°

e = 0.1 1.0 Δe = 0.1 a = −0.6
b = −0.4 d = 0.0
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°

d = 0.1 1.0 Δd = 0.1 a = −0.6
b = −0.4 e = 0.1
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L(x,y,z),Al(0, 0)

10 000
0.0883

η ≈ 4.3

< > < >

< > < >

x = 0

L{x,y,z},T i =

⎛⎝ b 0 0
−e a d
0 0 1

⎞⎠ .
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°

0.0883 a = −0.6 b = −0.4
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°

0.0883 a = −0.6 b = −0.4
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chcp/ahcp
1.633

chcp/ahcp < 1.633 chcp/ahcp ≈ 1.633 chcp/ahcp > 1.633
1.587

F
F {hkil}<uvtw> τF0 /τ0

{ }< 2̄ >
{ 1̄ }< 2̄ >

< > { 1̄ }<1̄ 1̄ >
< > { 1̄ }< 1̄1̄3̄>

τF0 F

m = 0.2

m = 0.05

{a, b, c, d, e}
Δ = 0.1

a = −0.5 b = −0.5 d = 0 e = −0.2
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°

a = 0.0 −1.0 Δa = 0.1 d = 0.0 = e
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°

e = 0.0 1.0 Δe = 0.1 a = −0.6
b = −0.4 d = 0.0
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°

d = 0.0 1.0 Δd = 0.1 a = −0.6
b = −0.4 e = 0.2
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0.0883 a = −0.5 = b d = 0.0 e = 0.2
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°

0.0883 a = −0.5 = b d = 0.0 e = 0.2
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ui εij σij i, j = 1, 2, 3

2 εij = ui,j + uj,i

σij = σij(εij)

σij,j + fi = 0

�f
ui εij

σij �u : R3 → R
3

ε : R3 → R
3×3

σ : R3 → R
3×3

(·),i := ∂
∂i
(·) i = 1, 2, 3∑3

=1 σij,j + fi = 0 i = 1, 2, 3

�∇ · σ + �f = �0

�∇ := (∂/∂xj)�ej

σij(εij)

�u
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σij = K
(
εkk − ε

)
δij + 2G

(
εij − 1

3
εkk δij − εij

)
, i, j = 1, 2, 3

�u
K G ε ≡ εkk εij

K G K,G > 0
ε ε δij

σ = C : (ε− ε )

ε

ε
!
= ε + ε ,

ε ε
ε
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ε εij = ε
3
δij

α ΔT ε = 3α ΔT

C ε ε

�u

Fi(u1, u1,1, u1,1,1, u1,1,2, ..., u2, u2,1, ..., u3, u3,1, ...) = 0, i = 1, 2, 3.

Fi(·) i
u1 u2 u3

{Fi}i=1,2,3

u1 u2 u3

�u

�u(r, ϕ, z)
!
= ur(r, ϕ, z)�r + uϕ(r, ϕ, z)�ϕ + uz(r, ϕ, z)�z,

(r, ϕ, z)

Ŭλ|μ := Ŭλ,μ − Γ�λμ Ŭ�

Ŭλ|μ := Ŭλ
,μ + Γλ�μ Ŭ

�

�̆
U Γ�λμ
Γ�λμ = Γ�μλ

Ŭλ
Uλ
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2 ε̆λμ = ŭλ|μ + ŭμ|λ

(·),i
(·);i

Γ�λμ[
λμ
�

] {
�
λμ

}
Γ�λμ (x, y, z)

(r, ϕ, z)
g gλμ = gμλ

18

Γϕϕr = Γϕrϕ = r−1,

Γrϕϕ = −r,
Γ�λμ = 0, {r, ϕ, z}.

Ŭλ
g Uλ

Uλ = Ŭλ√g(λλ)
Uλ = Ŭλ

√
g(λλ)

g

g(rr) = g(zz) = 1,

g(ϕϕ) = r−2,

g(λμ) = 0, λ �= μ ∀λ, μ ∈ {r, ϕ, z},

ε(�u)

εrr = ur,r
εϕϕ = 1

r
(uϕ,ϕ + ur)

εzz = uz,z
2 εrϕ = 1

r
(ur,ϕ − uϕ) + uϕ,r

2 εrz = ur,z + uz,r
2 εϕz = uϕ,z +

1
r
uz,ϕ

g(λλ) gλλ
λ
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σ̆λμ|λ + f̆μ = 0

σ̆λμ|λ = σ̆λμ,λ + Γλ�λ σ̆
�μ + Γμ�λ σ̆

λ�

σ̆λμ

σλμ

σλμ = σ̆λμ
√
g(λλ) g(μμ)

σλμ = σ̆λμ
√
g(λλ) g(μμ)

σrr,r + σzr,z +
1

r
(σϕr,ϕ + σrr − σϕϕ) + f r = 0

σrϕ,r + σzϕ,z +
1

r
(σϕϕ,ϕ + 2 σrϕ) + fϕ = 0

σrz,r + σzz,z +
1

r
(σϕz,ϕ + σrz) + f z = 0

L 2 r

2 r

Dr ,L := [0, r ]× [0, L]

0 ≤ r ≤ r :

r < r ≤ r :
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ΔT

ε r r ΔT
K G α

K 72.9 109.4
G 26.1 39.2
α 23.1× 10−6 −1 8.6× 10−6 −1

�u(r, ϕ, z)

�u(r, ϕ, z)

�u(r, ϕ, z)
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�u(r, ϕ, z)

�u(r, ϕ, z)⎛⎝ur(r, ϕ, z)
uϕ(r, ϕ, z)
uz(r, ϕ, z)

⎞⎠
⎛⎝ur(r)0
uz(z)

⎞⎠
⎛⎝ur(r)
uϕ(r)
uz(z)

⎞⎠
⎛⎝ur(r)
uϕ(ϕ)
uz(z)

⎞⎠
⎛⎝ ur(r)
uϕ(r, z)
uz(z)

⎞⎠
⎛⎝ ur(r)
uϕ(r)
uz(r, z)

⎞⎠
⎛⎝ur(r)
uϕ(z)
uz(z)

⎞⎠
⎛⎝ ur(r)
uϕ(r, z)
uz(r, z)

⎞⎠
⎛⎝ur(r, z)
uϕ(r, z)
uz(r, z)

⎞⎠

�u �u

�u

σ(�u)

σ(�u)
σ(�u)

�u �t
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< ∞

�u

�u ≡ �∇× �u = �0

Ink ε := − ε ≡ �∇× ε× �∇ = 0

ε
�u

�u

�u

�u(r, z)
!
= ur(r)�r + uz(z)�z,
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0 =

(
K +

4

3
G

) [
r2 u′′r + r u′r − ur

]− 2Gr
(
εrr − εϕϕ

)
,

0 = −4Gεrϕ,
0 =

(
K +

4

3
G

)
r üz − 2Gεrz,

(·)′ := ∂
∂r
(·) ˙(·) := ∂

∂z
(·)

εrϕ
!
= 0

ur(r) = ā r +
b̄

r
+

3G

3K + 4G

(
εrr − εϕϕ

)
r ln(

r

r0
),

uϕ = 0,

uz(z) = c̄ z + d̄,

ā, b̄, c̄, d̄ ∈ R
1 r0 ∈ R

1

εrz
!
= 0 d̄ = 0

σ(�u)

�u
σ(�u)
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σrr(r) = ¯̄a−
¯̄b

r2
−G

(
εrr + εϕϕ

)
+

2G (3K +G)

3K + 4G

(
εrr − εϕϕ

)
ln(

r

r0
),

σϕϕ(r) = ¯̄a+
¯̄b

r2
+
G (3K − 2G)

3K + 4G
εrr −

3G (3K + 2G)

3K + 4G
εϕϕ

+
2G (3K +G)

3K + 4G

(
εrr − εϕϕ

)
ln(

r

r0
),

σzz(r) = ¯̄c− 2Gεzz +
G (3K − 2G)

3K + 4G

(
εrr − εϕϕ

) (
1 + 2 ln(

r

r0
)

)
,

σrϕ = 0,

σrz = 0,

σϕz = −2Gεϕz,

¯̄a, ¯̄b, ¯̄c ∈ R
1

ā, b̄, c̄
K G α ΔT

ε = 0

σ(�u)

σ(�u)

{ā , b̄ , c̄ , ¯̄a , ¯̄b , ¯̄c ; ā , b̄ , c̄ , ¯̄a , ¯̄b , ¯̄c }

�u �t
r = r

<∞ �u ∀[r, z] ∈ Dr ,L

r = r
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σrr (r = r )
( )
= σrr (r = r ),

ur (r = r )
( )
= ur (r = r ),

c̄
( )
= c̄ ,

lim
r→0+

ur (r)
( )
< ∞,

σrr (r = r )
( )
= 0,∫ r

r=0

σzz(r) r dr
( )
= 0,

σ(�u)

σrr σϕϕ

σzz

σrr σϕϕ

σzz
σrr

�u
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σ(�u)

�u

�u

�u

�u(r, z)
!
= ur(r, z)�r + uϕ(r, z)�ϕ + uz(r, z)�z,
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0 = r2 u′′r + r u′r − ur +
3G

3K + 4G
r2 ür +

3K +G

3K + 4G
r2 u̇′z

− 6G

3K + 4G
(εrr − εϕϕ) r

0 = r2 u′′ϕ + r u′ϕ − uϕ + r2 üϕ − 4 εrϕ r

0 = Gr u′′z +Gu′z +
(
K +

4

3
G

)
r üz +

(
K +

G

3

)
[u̇r + r u̇′r]− 2Gεrz

�u ur(r, z) uz(r, z) uϕ(r, z)

ur(r, z)
u̇′z(r, z)

uz(r, z)
ur(r, z)

ur(r, z)
uz(r, z)

→ → →

u̇′z(r, z)
uz(r, z)

z ur(r, z) ur
!
= ur(r)

0 = Gr u′′z(r, z) +Gu′z(r, z) +
(
K +

4

3
G

)
r üz(r, z)− 2Gεrz

uz(r, z)

∀(r, z) ∈ Dr ,L := (0, r )× (0, L)

Gr u′′z(r, z) +Gu′z(r, z) +
(
K +

4

3
G

)
r üz(r, z) = 2Gεrz
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uz : Dr ,L → R
1

r , L > 0

uz(r , z)
!
= Φ1(z), ∀z ∈ (0, L)

uz(r, 0)
!
= Ψ0(r), ∀r ∈ [0, r ]

uz(r, L)
!
= Ψ1(r), ∀r ∈ [0, r ]

Φ1 Ψ0 Ψ1

uz(r, z)

uz(r, z)
!
= R(r) · Z(z), ∀(r, z) ∈ Dr ,L

R : [0, r ]→ R
1 Z : [0, L]→ R

1

Φ1 Ψ0 Ψ1

uz, (r, z) uz, (r, z)
uz, (r, z)

uz(r, z) =
∑
=

uz, (r, z), ∀(r, z) ∈ Dr ,L

ǔz(r, z) ûz(r, z)

ǔz,b(r, z) ∀(r, z) ∈ Dr ,L

ǔz(r, z) := ǔz,b(r, z)+ ũz(r, z) ǔz,b(r, z) :=
1

r

[
Ψ̂1 r + Ψ̂10 (r − r)

] z
L
,

Ψ̂1 Ψ̂10

Ψ1(r)

L = 350 ra = 11 K = 73 G = 26
Φ̂10 = 0 Φ̂1L = 2 Ψ̂10 = 3 Ψ̂1 = Φ̂1L εrz = 0.1

Φ̂1L Φ̂10 Ψ̂1 Ψ̂10
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ǔz(r, z)
ûz(r, z)

ûz(r, z) ǔz(r, z)

ǔz(r, z)

ûz, ûz, uz,
ûz(r, z)

r = r
r = 0

ǔz(r, z)

ũz−uz,

ũz − uz, ǔz(r, z)
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ǔz(r, z)

Digits = 10 Digits = 20

ûz,
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uz,
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uz,
r ∈ [ra/2, ra] r ∈ [0, ra/2]

ǔz(r, z) ǔz,b
ũz − uz,
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ũz − uz, ǔz(r, z)

z z0 :=
L/2 ǔz(r, z) ∀(r, z) ∈ Dr ,L

ũz(r, z) = uz, (r, z) +
(Ψ̂1 − Ψ̂10)L

π r

√
3G

3K + 4G

∞∑
n=1

(−1)n+1

n2
sin(

nπ

L
z) ·

(
L0(

√
3K+4G

3G
nπ
L
r )

I0(
√

3K+4G
3G

nπ
L
r )

I0(

√
3K + 4G

3G

nπ

L
r)− L0(

√
3K + 4G

3G

nπ

L
r)

)

∀(r, z) ∈ Dr ,L

uz, (r, z) =
4L

π

√
3G

3K + 4G
εrz

∞∑
m=1

1

(2m− 1)2
sin(

(2m− 1)π

L
z) ·[

L0(

√
3K + 4G

3G

(2m− 1)π

L
r)

−
L0(

√
3K+4G

3G
(2m−1)π

L
r )

I0(
√

3K+4G
3G

(2m−1)π
L

r )
I0(

√
3K + 4G

3G

(2m− 1)π

L
r)

]
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I0 L0 : R
1 → R

1

∀z ∈ R
1

sin(
nπ

L
z) =

{
(−1)m+1 +O((z − L

2
)2) n = 2m− 1,

(−1)m 2mπ
L

(z − L
2
) +O((z − L

2
)2) n = 2m,

∀(r, z) ∈ Dr ,L

ǔz(r, z) =
1

r

[
Ψ̂1 r + Ψ̂10 (r − r)

] z
L

+

√
3G

3K + 4G

(
L

π
(4 εrz −

Ψ̂1 − Ψ̂10

r
)

∞∑
m=1

(−1)m+1

(2m− 1)2
·[

L0(

√
3K + 4G

3G

(2m− 1)π

L
r)

−
L0(

√
3K+4G

3G
(2m−1)π

L
r )

I0(
√

3K+4G
3G

(2m−1)π
L

r )
I0(

√
3K + 4G

3G

(2m− 1)π

L
r)

]

−Ψ̂1 − Ψ̂10

2 r
(z − L

2
)

∞∑
m=1

(−1)m+1

m
·[

L0(

√
3K + 4G

3G

2mπ

L
r)

−
L0(

√
3K+4G

3G
2mπ
L
r )

I0(
√

3K+4G
3G

2mπ
L
r )

I0(

√
3K + 4G

3G

2mπ

L
r)

])
+ ˇ̌R1(r, z) +

ˇ̌R2(r, z)

ˇ̌R1(r, z)
ˇ̌R2(r, z) O((z −

L
2
)2)

ˇ̌R1(r, z) :=
Ψ̂1 − Ψ̂10

r

√
3G

3K + 4G
Ř1(r, z), ∀(r, z) ∈ Dr ,L,
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∀(r, z) ∈ Dr ,L

Ř1(r, z) := O((z − L

2
)2)

L

π

∞∑
n=1

(−1)n+1

n2
·

[
L0(

√
3K + 4G

3G

nπ

L
r) −

L0(
√

3K+4G
3G

nπ
L
r )

I0(
√

3K+4G
3G

nπ
L
r )

I0(

√
3K + 4G

3G

nπ

L
r)

]
.

ûz(r, z) = ûz, (r, z) + uz, (r), ∀(r, z) ∈ Dr ,L

z z0 := L/2 ∀(r, z) ∈ Dr ,L

ûz, (r, z) =
Φ̂1L + Φ̂10

2
+

2(Φ̂1L − Φ̂10)

π2

∞∑
n=1

(−1)n+1

n2

I0(
√

3K+4G
3G

nπ
L
r)

I0(
√

3K+4G
3G

nπ
L
r )

cos(
nπ

L
z)

uz, (r) = 2 εrz (r − r ), ∀(r, z) ∈ Dr ,L

∀z ∈ R
1

cos(
nπ

L
z) =

{
(−1)m (2m−1)π

L
(z − L

2
) +O((z − L

2
)2) n = 2m− 1,

(−1)m +O((z − L
2
)2) n = 2m,

∀(r, z) ∈ Dr ,L

ûz(r, z) =
Φ̂1L + Φ̂10

2
+ (Φ̂1L − Φ̂10)

[
2

πL
(z − L

2
)

∞∑
m=1

(−1)m
2m− 1

I0(
√

3K+4G
3G

(2m−1)π
L

r)

I0(
√

3K+4G
3G

(2m−1)π
L

r )

− 1

2π2

∞∑
m=1

(−1)m
m2

I0(
√

3K+4G
3G

2mπ
L
r)

I0(
√

3K+4G
3G

2mπ
L
r )

]

+2 εrz (r − r ) +
ˆ̂
R(r, z)

Dieses Werk ist copyrightgeschützt und darf in keiner Form vervielfältigt werden noch an Dritte weitergegeben werden. 
Es gilt nur für den persönlichen Gebrauch.



ˆ̂
R

O((z − L
2
)2) ∀(r, z) ∈ Dr ,L

ˆ̂
R(r, z) :=

2

π2
(Φ̂1L − Φ̂10)O((z − L

2
)2)

∞∑
n=1

(−1)n
n2

I0(
√

3K+4G
3G

nπ
L
r)

I0(
√

3K+4G
3G

nπ
L
r )

.

�u
σ(�u)

Dieses Werk ist copyrightgeschützt und darf in keiner Form vervielfältigt werden noch an Dritte weitergegeben werden. 
Es gilt nur für den persönlichen Gebrauch.



2 2

< > < >

< 1̄ >

Dieses Werk ist copyrightgeschützt und darf in keiner Form vervielfältigt werden noch an Dritte weitergegeben werden. 
Es gilt nur für den persönlichen Gebrauch.



< > < >

2

2

2

2

2

Dieses Werk ist copyrightgeschützt und darf in keiner Form vervielfältigt werden noch an Dritte weitergegeben werden. 
Es gilt nur für den persönlichen Gebrauch.



2

σαrr σαϕϕ σαzz

2

2

σ

200 3 −1

ρ = 3.74 −3

ρ = 4.43 −3

25 3 −1 20 3 −1
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AA 5049

N = 0

Ti Grade 1

--

N = 2
 = 3

N = 1

σ Y ρ
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1.23

3.22

< > < >

Y<0001>/Y<101̄0> ≈ 1.38
< 1̄ >

Y<0001>/Y<101̄0> ≈ 0.30

< 1̄ > Y<101̄0> ≈ 119.59
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E = 50− 30, 000 Z = 1− 92

7.7 %
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δ 2

φ
ψ
ψ′

ψ′

sin2 ψ
sin2 ψ
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